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ABSTRACT. This paper finishes the author’s investigations on homogeneous
cones. As a result a classification of homogeneous cones is derived. The
most important tool to get insight into the structure of homogeneous cones
are J-morphisms. Therefore, in this paper we mainly deal with morphisms of
homogeneous cones. The main result gives an algebraic description of
J-morphisms. It includes a description of “Linear imbeddings of self-dual
homogeneous cones” and the above mentioned classification of homoge-
neous cones. In a subsequent paper it will be used to describe homogeneous
Siegel domains.

In [5] it has been shown how to construct a homogeneous cone in a unique
way out of lower dimensional ones. It is clear that in continuing this process
one can construct, in a unique way, each homogeneous cone K inductively
using “domains of positivity”, [9], as building blocks.

Unfortunately, this procedure does not automatically provide a detailed
description of the Lie-algebras Lie Aut(K, n) appearing in the considerations
of [5). One explanation for this is that the class of functions n: K — R™ used
in [5] is too large. Starting from this point of view, in his thesis, [3], the author
considered a rather small class of functions and for the functions n of this
class gave a detailed description of both K and Lie Aut(X, ). However, an
analysis of what was done in [3] shows that the appropriate setting for such a
description is a “J-morphism of homogeneous cones”. Roughly speaking, this
is a triple consisting of two cones, K in V and K in V, and a linear mapping
V> ¥ such that K is a self-dual cone, o(K) C K and the group of first
components of {(W, W) € Aut K X Aut K; o(Wx) = Pf’(p(x) forallx € V}
operates transitively on XK.

Obviously, this definition generalizes the notion of a “representation” of a
homogeneous cone which was first introduced by O. Rothaus. There K was
chosen as a cone of real, positive-definite symmetric matrices. But it also
generalizes the setting used in 1. Satake’s paper Linear imbeddings of self-dual
homogeneous cones [12). Here K was assumed to be self-dual.

In this paper we investigate “J-morphisms of homogeneous cones”. Here
we generalize (and publish) the results of [3], VI, and complete the investiga-

Received by the editors April 10, 1977 and, in revised form, March 27, 1978.
AMS (MOS) subject classifications (1970). Primary 22E60, 17C35.
Key words and phrases. Homogeneous cone, infinitesimal automorphism, Jordan algebra.

© 1979 American Mathematical Society
0002-9947/79/0000-0502/$08.25

61



62 JOSEF DORFMEISTER

tions of [4], [5], [6], [7a] and [7b]. We prove a theorem which was only
announced in [4] and so get a detailed description of homogeneous cones and
their Lie-algebras Lie Aut K = Lie Aut(X, « K )).

Moreover, we build the framework for later investigations on homogeneous
Siegel domains. It turns out that the results on “J-morphisms” can be used to
elucidate the structure of those domains and their infinitesimal automor-
phisms. We shall treat this subject in a subsequent paper.

This paper is organized in 8 sections. The first one contains some basic
definitions and remarks. In the second one, general properties of canonical
groups are investigated. In §3 a useful description of the Lie-algebras of some
trigonalizable groups is given. A reduction of an arbitrary morphism of
homogeneous cones to “lower dimensional” ones is derived in §4, so provid-
ing an important tool for many inductive steps of the following sections.
Beginning in §5 we specialize to “J-morphisms”. Some homomorphism
properties of a J-morphism are proved in this section. In §6 we define a
g-R-decomposition (see [4]) from a J-morphism. Using these preparations we
describe in §7 the Lie-algebras Lie Aut(X, y) and Lie Aut(X, y). These
results are analogous to some statements in [15]. The final part, §8, char-
acterizes the J-morphisms in algebraic terms. As a result we obtain a sort of
classification of homogeneous cones.

The author thanks the referee for proposing to “give a clear definition of all
major notations used in the paper, not just referring to earlier papers™ and to
“add a list of frequently used notations . .. ”.

1. Morphisms of homogeneous cones. We start with recalling some defini-
tions which form the building blocks for the notations which are introduced
later on.

An open convex subset of some finite-dimensional vectorspace V over R
(the real numbers) which contains with x also ax, a > 0, but does not contain
all of a straight line is called a regular cone in V.

In what follows we will often deal with the class %, which, by definition,
consists of the class of triples {K, 7, e), where K is a regular cone in a
finite-dimensional R-vectorspace V, e is a point of K and 7 is a positive real
mapping 7: K — R* such that

(%.1) q is infinitely differentiable,

(% .2) n is homogeneous (there exists k € R such that n(rx) = 7*y(x) for all
T>0,x € K),

(%.3) the bilinear mapping (u, v) = A%A%log n(x) is positive-definite, for all
x € K (here A% means differentiation at x in direction u),

(% .4) for every sequence x, of K that converges to a boundary point of X,
the sequence 7n(x,) converges to + o,



ALGEBRAIC DESCRIPTION OF HOMOGENEOUS CONES 63

(%.5) the group Aut(K, n) := {W € GL V; WK = K, there exists a a(W)
> 0 such that n(Wx) = a(W)n(x) for all x € K} operates transitively on K.

As in [5] we write D = {Kp,np, ep» for a triple D of %. Here, by
definition, K}, is an open subset of a finite-dimensional R-vectorspace which
we denote by V.

For a triple D = {K, 7, e¢) we define (see also [4], [S])

op(u, v) == A%AL 10g N(x)| mer u,v € Vp, (1.1)
op(hp(x), u) = —A%logn(x), u€ Vyx€EK, (1.2)
op(Hp(x)u, v) = A“A® logn(x), u,v€E Vy, x EK, (1.3)

op(uv, w) = —A“A°AY log (X)|imer w0, w E V.  (14)
It is well known (and easy to check) that by (1.4) we get an algebra %, which
is defined by the product (u, v) > uv. The algebra %, is commutative and
has e as unit. Further, it is known, [7a, §4], that 4, maps K onto the o,-dual
cone K°» = {y € Vp; ap(x,y) > 0 for all x # 0 which lie in the closure of
K in V,}. Moreover, by (%.5) and [6, I, Satz 3.3] we know that k, and H, are
rational functions. (As usual a map f: V' — V" is called (a polynomial) rational
if the components of f(x) with respect to a base of V' are (polynomial)
rational functions of the components of x with respect to a base of V)
We are going to define what we call a morphism of homogeneous cones.
A triple M = (F, ¢, ﬁ') is called a morphism of homogeneous cones iff
(M.1) F and F are triples of F;
M.2) ¢: Vi — V; is a linear mapping;
(M.3) ¢(Ky) C Kz and p(ep) = ef;
(M.4) there exists a closed subgroup T of Aut(Ky, 1) such that
(a) T operates transitively on K,
(®) for all W €T there exists a W € Aut(Kz, 1z) such that o(Wx) =
Wq:(x) holds for all x € V.
Let M = (F, o, ﬁ') be a morphism of homogeneous cones. We put

1k Ke > RY, vy (x) = me(x)ne(p(x)),  x € Kp, (1.5)
G(M) = (K¢, Va5, €p)- (1.6)
The following lemma states that G(M) is again in ¥.

LEMMA 1.1. Let M be a morphism of homogeneous cones. Then G(M) is a
triple of % .

PrOOF. It is easy to see that (%.1), (9.2) and (%.3) are satisfied. Let
(x,; n EN) be a sequence of points of K = K. which converges to a
boundary point of K. Then by (%.4) applied to 77 we get a constant C > 0
such that 4(p(x,)) » C > 0 for all x,. On the other hand 7(x,) converges to
+ . So yy(x,) converges to +oco. Finally, let T' be as in (M.4); then
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T c Aut(X, v,,) and Aut(X, y,,) operates transitively on K.

REMARK 1.2. In what follows we shall mainly deal with a triple of type G(M).
As far as possible we drop the indices F and G(M) and put a “™ on the top
instead of writing F as a subscript:

K= KG(M)=KF’ e=eG(M)=e,,-,...,K=K,:-, é=eﬁ,....
Further, we write Y = Yp; = Yoy M = Mf and 1 = ng. Since we mainly deal
with the algebra N ps), we put N = A, Where the algebra A [ appears it

will always be clearly distinguishable from U. Further, we put %A = Az and
denote the left multiplications of W (resp. A) by A(x) (resp. A(X)).

2. Some groups. Let M = (F, o, F) be a morphism of homogeneous cones.
As F and F are triples of § we know-as remarked in §1-that h = h, (resp.
h= hz) is a rational function in ¥V = ¥V (resp. V= V). Hence there exist
polynomials =, » such that A(x) = [¢(x)]”'#(x) for all x € V, »(x) # 0. We
put I'(h) = {W € Gl V; p(x)m(Wx) = v(Wx)m(x) for all x € V}. Analo-
gously we define T'(h). It is easy to verify that T'(h) resp. I‘(h) equals the group
T'(n’) resp. I'(7’) as defined in [6, I, §1]. We may apply [6, I, Lemma 1.5 and
I, Satz 1.8] to both groups. Hence we know that Aut(K,7) is a closed
subgroup of the algebraic group I'(A). It has finite index; so their Lie-algebras
coincide. The analogous statement holds for T'(h).

We put

= (W, W) € T(v) x T(¥); o(Wx) = Wo(x) forallx € V}, (2.1)

4, == (Aut(K, 7) X Aut(K, 7)) N II,,. (2.2)
It is easy to see that in this definition we could have replaced n by y without
changing the resulting sets I1,, and IT5,.
In what follows we denote the Lie-algebra of a Lie-group I" by Lie I.

LEMMA 2.1. Let M = (F, g, F) be a morphism of homogeneous cones.

(a) I1,, is a linear algebraic subgroup of GL V' X GL V.

(b) I14, is a closed subgroup of 11,,.

(¢) Lie II,, = {(T, T) € Lie Aut(K, n) X Lie Aut(K, %); @(Tx) = To(x)
Jorall x € V}.

(d) Lie II,, = Lie II3,.

PrOOF. The parts (a), (b) and (c) are obvious. Part (d) follows easily from
the abovementioned fact that Aut(X, 7) resp. Aut(ff, 1) has the same Lie-al-
gebra as I'(h) resp. I"(I;).

In what follows we denote the projection of V' X ¥V onto V resp. 14 by a
point “ ’ resp. double point “ - put over the projected element; e.g., for
a€EV XV we write a = (4, d). In the same manner we deal with the
corresponding projections of End ¥V X End ¥ onto End V resp. End V.
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Let now T be a Lie-group; then I'° denotes the connected component of T’
that contains the unit element of T.

Finally, we call a set I" of endomorphisms of a vector space R trigonalizable
iff there exists a basis of R such that the elements of I' are upper triangular
matrices with respect to this basis.

REMARK 2.2. (a) From [14, I, §6] we recall that a connected, trigonalizable
subgroup of Aut(K, n) and a compact subgroup of Aut(X, n) have a trivial
intersection. Further, it is known [14, I, §6] that every compact subgroup of
Aut(K, n) has a fixed point in K and that every isotropy subgroup of
Aut(KX, n) is compact.

(b) From these remarks one easily obtains:

Let ¥, Cc ¥, be connected, trigonalizable subgroups of Aut(X, ), and
assume that ¥, operates transitively on K. Then ¥, = ¥, and ¥, is a closed
subgroup of Aut(X, 7).

LEMMA 2.3. Let M be a morphism of homogeneous cones.
(a) Let ® be a connected, trigonalizable Lie-subgroup of 11, such that ®

operates transitively on K. Then ® and & are closed, and we have Tied =
Lie &.

(®) fI‘,’u contains a connected, trigonalizable subgroup which operates transi-
tively on K.

(c) Let ¥ be a connected, trigonalizable Lie-subgroup of fIﬁ, which operates
transitively on K. Then there exists a connected, trigonalizable Lie-subgroup ®

of TI%, such that & = ¥ and Lie & = Tie & = Lic ¥.

PrOOF. (a) ® is closed by [13, Proposition 1]. As ® is connected we have
® c II5, by Lemma 2.1. Hence o c Aut(K, 1) is connected, trigonalizable
and operates transitively on K. So Remark 2.2 applies and @ is closed.
Finally, we note that ® »®, Q> Q is a surjective homomorphism of
Lie-groups. The last statement follows.

(b) From (M.4) we conclude that IT%, X K — K, (Q, x) - Ox defines a
transitive action of II3, on K. By [8, II §4] (T13,)° operates transitively on K.
From Lemma 2.1 we get (II5,)° = I1%,. On the other hand, we can write
1%, = ®,®, with a connected, trigonalizable subgroup ®, and a connected,
compact subgroup @, by [14, I, §6]. Putting all this together, we see that <i>,<i>c
operates transitively on K. As (i>,, <i>c C Aut(X, n) and (i>c is compact, there
exists a fixed point in K for ®,. Hence ®, satisfies the requirements of the
assertion.

(c) Let = be the smallest algebraic subgroup of II,, that contains {Q €
;0 € ¥}. Then Z is trigonalizable and Remark 2.2 together with Lie
T'(h) = Lie Aut(K, 1), [6, Satz 1.8], shows ¥ = (£)°. Now let % == Z N 114,
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Then ¥ C Z° and E° operates transitively on K, by ...“ X K-> K, (Q,x)
Ox; so do (5°)° and (5%)°. It follows that (@ c Z%c (£)° = ¥. Again
Remark 2.2 implies that all inclusions are equalities showmg ¥ = =% Write
now Z° = ®®, as the product of a connected, trigonalizable group ® and a
connected, compact group ®, by [14, I, §6]. Then we have ¥ = 0= <I>(I>

But &, is connected, compact and trigonalizable, hence &, = {Id}, and the
assertion follows.

COROLLARY 2.4. Let M be a morphism of homogeneous cones. Then there
exists a connected, trigonalizable Lie-subgroup ® of I13, such that ® operates
transitively on K.

Finally, we note a useful result.

LEMMA 2.5. Let M be a morphism of homogeneous cones and ® a connected,
trigonalizable subgroup of I15,. Then there exists a homomorphism ": ® — ®,
W > W such that ® = (W, W); W € ®}.

PROOF. Let W € ®, then there exists a Q € & such that (W, Q) € ®. It
obviously suffices to show that Q is uniquely determined. We therefore have
to prove that (Id, Q) € ® implies Q = Id. But by assumption  is connected,
trigonalizable and contained in Aut(I?, 1) for M = (F, ¢, ﬁ') Further, é =
o(Id e) = Qp(e) = Qé. By Remark 2.2 we get Q =

3. The Lie-algebras of trigonalizable subgroups of II,,. In what follows we
often use results of [5]. We therefore recall some notation from [5]. Let R be a
triple of & and A the algebra which is associated to R by (1.4). Denote by
B(x), x € Vp, the left multiplications in A ;. Then we put

X == {x € Vg; B(x) € Lie Aut(Kg, 1)} @3.1)
We know (see e.g. [5, Corollary 5.4]) that X is a formally-real Jordan-alge-
bra. We call elements f,, . . ., f, € Xz a complete system of orthogonal idempo-
tents (short: CSI) if f; = eg, f; # 0 and ff, = §,f, holds. For a CSI f,, .. ., f,
by [7b, §3] we may form the r-Peirce-decomposition (N;; 1 < i, j <r) of Up
with respect to f,, . .., f.. Where it is possible we drop “r” and just write
Peirce-decomposition. The spaces %;; are defined by
A, = {x € Ag; [ix =%x,j;-x =%x} fori #j,
A, = {x € Apg; fix = x}. 3.2)
We have the following “multiplication table”
AN, = {0} if (i,j} N {k,r} =
AN, CA, ifi*l
AN, CU,; + A, 3.3)
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Further, the “Peirce-spaces” %, are orthogonal by pairs with respect to op.
We remark that the notion of a Peirce-decomposition in the sense of [7b, §3]
is the same as that of [4, §1], 3. If the CSI is of the type ¢, e — ¢ we will use
the usual notation %A, = A(c) = Ay, Ay = A jp(c) = Ajp, Ay = Ag(c) =
%j,. If L(x) denotes the left multiplications in % then by L, ,(x, + xo) we
denote the restriction of L(x; + xo) to A, 5(c), x; € A(c).

Besides the notion of a Peirce-decomposition we have to recall the defini-
tion of a ctt-group and a “mutant”.

A connected, trigonalizable subgroup of Aut(Ky, nz) that operates transi-
tively on Ky is called a ctt-group for R. A Lie-algebra is a ctt-algebra for R if
it is the Lie-algebra of a ctt-group for R.

Finally, we define for a commutative algebra B with left multiplications
B(x), x € B, and product (x, y) = xy, a new algebra for each b € B on the
vectorspace B by the product (x,y) > x(by) + (xb)y — b(xy). This new
algebra is called “mutant” (of B with respect to b) and is denoted by B,. For
the left multiplications of B, we write B,(x), x € B. Obviously, we have
B,(x) = B(bx) + [B(x), B(b)].

THEOREM 3.1. Let M = (F, ¢, f’) be a morphism of homogeneous cones and
® a connected, trigonalizable subgroup of 115, such that ® operates transitively
on K. Let further c,, . . . , c, € Xg ) be a CSI such that A(c,) € Lie ®, and let
A= cic j<r ¥ be the Peirce-decomposition of U with respect to
CiseesC Putnow ¢, = o(c), 1 <i <r,and

= ((T,T)€Lie®, Te€q,}, 1<i<j<r

Then we have

@¢é,...,¢ e&formaCSIonAI

) Lied = D ¢, t,j (direct sum of vector spaces).

(c) If i <j and (T, T)Et then T =24 (Tc) + 24, (Tc) and T =
24. (Tci) + 24, (Tc)

(d) Let (T, T) € Lie ® such that Te = c;; then T = A(c;) and T = A(c,)

y)

ProoF. By assumption ® is connected and trigonalizable, and, conse-
quently, so are ® and ®. Let now ® be a maximal connected, trigonalizable
subgroup of Aut(IE', ) which contains ®. As Aut(I?, 1) contains a ctt-group
(for definition see above) it follows by [13, Theorem 2] that ® is a ctt-sub-
group of Aut(K, 4). Hence Lie ® is a ctt-algebra for F.

(d) Let (T, T) € Lie ® such that Te = c,. Then T = A(c;) and Te = T?.
But by Lemma 2.1(c) we have T2 = @(T%) = (Te) = Té, so that T =
A(Te) A(c,) by [5, Corollary 5.2).

(a) Begause of (d) it suffices to show ¢,é; = §;¢; as é = Z7_,¢; is obvious.
Let (T, T) € Lie ® such that Te = ¢;; then
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&6 = A(&)e(q) = To(c) = 9(Tg) = ¢(cq) = 8;9(c;) = 8¢

() It is clear that Lie @ is equal to the sum of the t;. So let 0 =
Zicicj<r( Ty ,.j); then 0 = 2 T;e and as Te € A; we get Te = 0. From
Remark 2.2 we conclude T; =0 for 1 <i < < r. But now Ty =0 by
Lemma 2.5.

(c) Let dy, ..., d, be idempotents of Xg,,, that satisfy the assertions of
[S, Theorem 5. 1] with respect to % = Lie & (it is clear that Lie ® is a
ctt-algebra for G(M), [5, §5, 1]). By assumption T = A(c;) € Lie & and
T% = Te follows. From [14, Chapter II, Proposition 9] we get a subset
I, c {1,...,s) such that ¢; = 3¢, d. Obviously, the sets J; yield a parti-
tion of {1,...,s}. We form the Peirce-decomposition A = @D ¢ ,c s A7y
with respect to d,, . . ., d,, and get %; = @ A}, where the sum is indexed by
{(p,9);p<qpEIL,qE LorqgE I,p € I}.

It obviously suffices to prove the assertlon for (T, T) € Lie ® which satisfy
Te €A}, If p € I; and g € I, then by [5, Theorem 5. 1], we have T =
2A‘,’(Te). Let n € I, n #p; then 4,(Te) = 0 by [4, Lemma 1.1] since n &
{p, q} and Te € A7,. It follows T = 24, (Te). But this implies Te = T¢; and
Tc; = 0. Hence T has the required form.

The assertion on T is analogously proved by using idempotents d,, . . ., d,
€ X; which are chosen with respect to Lie ®.

Finally, we affirm that the situation described in Theorem 3.1 occurs.
Using [S, Theorem 5.1] we have

THEOREM 3.2. Let M be a morphism of homogeneous cones and ® a
connected, trigonalizable subgroup of 115, such that ® operates transitively on K.
Then there exists a CSI d,, ..., d € X5, such that A(d) € Lie & and
Ad)=Rd for 1 <i<r.

4. Reduction to lower dimension. In this section we construct new mor-
phisms M, for each member M of a special class of morphisms of homoge-
neous cones. These M, are built up by the constituents which have lower
dimension than those of M. Before we can start to explain this in detail we
have to recall some notations.

First of all, for a regular cone K in V one defines the “invariant” «(K; -) of
K by

(K; x) = fpe_"(") dA

where dA denotes the Lebesgue-measure on the dual space V* of ¥ and K*
the dual cone for K, K* = {A € V*; AM(x) > 0 for all x # 0 in the closure of
K in V). We know (K; Wx) = |det W|~'«(K; x) forall x € K, W €GL V,
WK = K (see e.g. [7a, §3]). In the case K = K where R is a triple of § we
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have Aut(Kg, nz) C Aut(Kg; «(Kg; -)). For more information on the func-
tion «(K; -) we refer to [7a] and [9].

In the remainder of this paper we repeatedly use a construction which has
been carried out in [7a, §8]. Therefore we shortly describe again this construc-
tion. Let R = (K, 7, e) be a triple of ¥; then we define h = h; by (1.2). We
know, as remarked in §1, that A maps diffeomorphically K onto K°, o := oR
Hence we may define a function 7: K°—R™* by #(y) = [n(h~Y( y))]‘
y € K°. We form the triple R := (K, 7, ). From [7b, §1, 5] we get that Ris
a triple of §. More precisely, we have ez = eg, 0z = 0g, hz = (hg)™ ',
Az = A, and Lie Aut(K?, 1) = [Lie Aut(K, 1)]°, 0 = oz. We shall prove in
§7 that for a morphism M of homogeneous cones we get a detailed descrip-
tion of Lie Aut(K°, ng0r7)), @ = Ogary- The procedure which we are going to
work out in this section is a first step towards such a description. To be able
to do this step we have to use the set S, R a triple of ¥, which was defined
in [5, (1.14)]: Let L(x), x € Vg, denote the left multiplications in the algebra
Ag; then we have &y == {x € Vy; L, (v) € Lie Aut(Kg, ng) for all v € V,}.
Here we used the left multiplications L, (v) of the mutant (Az),. From
[5, Theorem 1.2] we know that S is a formally-real algebra and a subalgebra
of A,. Hence S has a unit. We denote this unit by cz. For a morphism M of
homogeneous cones we introduce the following convention: we denote the unit
coy of Sy by ¢ and the unit cggy, of gy by .

This finishes the introduction of the notations which are used in the
following.

In this section let M = (F, o, F ) be a morphism of homogeneous cones that
satisfies

(M.5) g = (KF; ); nlep) = 1.

We first state

@4.1) (A4(5), A (9(&))) € Lie ® for every connected, trigonalizable subgroup of
114, for which ® acts transitively on K.

To prove (4.1) choose ® as in the assertion. Then—using the remark before
Lemma 2.1 and the fact Lie Aut(K, y) = Lie I'(hg,,))—we see that Lie disa
ctt-alg_l?ra for G(M). Then for ¢ = g, the algebra Lie @° is a ctt-algebra
for G(M) by [Tb, §1], and so contains A(¢) by [S5, Corollary 6.2]. This implies
that A(&) is an element of Lie ® and Theorem 3.1 (d) proves the assertion.

We form the Peirce-decomposition % = %, + %, , + ¥, of A = Agyy, with
respect to é, ie., %; = A, (¢). Analogously, we have A= 2[, + QI, s QIO,
%, = %,(p(¢). Further, we put p, =p = ¢, p, = p = ¢(p) = ¢(¢) and
Do = € — py, Po = é — p,. Then we claim

e(A) A, fori=0,1,1 4.2)
o(4,,(x1/2)y) = A3 (9(x1))9(y) forx,, €%,y €A (43)
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To prove this take ® as in Corollary 2.4. Then because of (4. l) we may apply
Theorem 3.1(c) and have T = 24, (Tp,) + 24, (Tp,) and T= 2A (Tpl) +
2A S Tpo) for (T, T) € Lie @ satlsfymg Te € %Il - As in the proof for @5
we see that Lie ®° is a ctt-algebra for G(M), hence A4, (Tpy € Lie &° by
[5, Theorem 6.1]. Since T° € Lie ®° we get 4, (Tp,) € Lie ° C
Lie Aut(Kg3r 7)- Therefore, Tp, = 0 by [S, Theorem 3 3] and the choice of
py = ¢. This implies Tpl = 0 and (4.3) is proved. The inclusions (4.2) are
easily seen by using (4.1).

Now choose @ as in Corollary 2.4 and ® 5 & as in the proof of Theorem
3.1. Then Lie @ (resp. Lie ®) is a ctt-algebra for G(M) (resp. f’) For p, (resp.
P we may—because of (4 1)-apply [5, §6, 2]. Hence for i = 0, 1 we get cones
K; (resp. K ;) in A, (resp. QI) and functions y; (resp. 1;). We put 0 = 04, and
define P(¥, /5, 0) to be the cone of positive definite, selfadjoint (with respect
to o) endomorphisms of %, ,,. Further, let Sym(¥, ,, 0) denote the space of
selfadjoint endomorphlsms of %, ,, with respect to o, then for i = 0, 1 we put
@ %, —» Sym(¥, ), 0) X QI,, x; (4, /2(x D, @(x;)). (Formally the definition
depends on @, but (4.1) shows that this is actually not the case.)

@i(K) C P(¥, /5, 0) X K, fori=0,1. (4.4)

¢(p) = (31d,5,) fori=0,1. 4.5)

Here (4.5) is trivial and @(K) C If’, follows easily from the definitions. To
see A /)(K;) C P(¥, /5, 0) we first apply [S, Theorem 1.8] to K° = Kz57 and
get K°= U, ,ex,, 6P 4, (XY, + Yo) where Y, is the image of K*
under the projection of % = A, + A, , + A, onto A;. As mentioned in §1
(and repeated above) we have hgghp(K°) = (K°)° = K. Further, we know
hean(Wy) = W hsar(») for all y € K°, W € Auy(K”, §) by [5, (1.12)]
and exp 4, (x;,,) € Aut(K”, y) by definition of Sggyy and [4, (x,,)f =
A, (x/y) by [4, Folgerung 1.2]. Finally, we use part (b) of [S, Lemma 2.2] and
get K = hggp(K°) = U, .ew,, XP 4,(x,)(Y] + Y5). From this we de-
duce Y’ = K. (Note that for simplicity of notation we denote the
0; = 0y « g —dual cone for Y; by ¥?.)

So from [5, Lemma 3.6, Theorem 3.7], we easily conclude ¢(K) = @(¥?) C
P, /2 0).

Fori =0, 1putr: K, >R, x;~> «K; x), r(p) = 1, and 7;: P(%, )5, 0) X
K, —>R*, (4, )+ (det A)~/%)(%,) where 1, is the same as in the remarks
before (4.4). We further define R; := {K, r;, p,;> and R, = (P, 0) X K,
(3 1d,p)) fori =0, 1.

(4.6) R, and R, are triples of F,i = 0, 1.

To prove this we observe that by [S, Corollary 6.5] the functions 1; satisfy the
conditions (%.1) to (%.5). Now the assertion follows easily.

We recall that ® was chosen as in Corollary 2.4. Fori € {0, 1} let Q € ®
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be such that Q%, C %; for j =0, 3,1 and Q,_, = 0. Further, we put
Q,/2 Q|, for sucha Q o

@.7) 9(0%x) = (1241 /%) 0%, Op(x) for all i € {0, 1}, x, € U, and all
Q € ® as above.

To ensure that the identity makes sense we first note that by (4.2) and the
conditions on Q, we have Qq)(x,.) c §[,.. Now we quote [S, Lemma 3.6] and get
(4.7) as an easy consequence.

For i = 0,1 we define @, to be the group of linear transformations of
A, X Sym(¥, /5, 0) X ﬁ ;) that are of the form (x;, Y, %)+
(Ox,, 0, 12Y00 )2 Q7)) where Q = (Q, Q) is an element of ® satisfying the
conditions before (4.7). Finally, we put M, := (R,, @, R,)

We want to prove that M, is a morphism of homogeneous cones satisfying
(M_5) such that in (M.4) we may choose I' = &,.

For this we first derive a somewhat technical, but useful, result. We keep
the notation introduced up to now. Especially, for a cone C in ¥, the o,-dual
cone for C is simply denoted by C°.

LeEMMA 4.1. For1—0 1, we have

@ K] = [K°), [¥] = [7].-
®) G(M )*[Gw

PROOF. Put h = hggz) and hy = hi&ap, -

(a) From [5, Theorem 1.8], we get K° = U, ex,, €XP A, (x,)(K°], +
[K°]p)- We apply [S, Lemma 2.2], and derive

K= U expd,(x,)(h([K°],) + k([ K°],))- (*)
x12€E%, /2

We use the definition of K, and easily derive 4,([K°];,) = K. But h, maps [K°],
onto [K°];, so the first part of (a) is proved. To verify the second part we put
8 = hgu,y and recall hg,,y = h~!'. The equality we want to prove is then
equivalent to y(p; + g~ '(x)) = v(h(p; + X)), i #j, x; € K. It is now easy
to check that it suffices to prove Ag(x; + Xo) = hgar,(X1) + hgagy(Xo) for
all x, + x, € K, + K,,. But this identity follows by a straightforward calcula-
tion, as in the proof of [5, Lemma 2.2(b)], starting with y(x) = y(x, + x,
— 1pi(x 2 A /2(x0)")), x € K, an identity which itself is easily derived
from (»).

By the last lemma we may write K’ and ¥, without causing any confusion.
After these preparations we are going to prove

THEOREM 4.2. Let M be a morphism of homogeneous cones satisfying (M.5).
Then for i = 0, 1 we have

(a) M, is a morphism of homogeneous cones that satisfies (M.5).

(b) @, is a connected, trigonalizable Lie-subgroup of 113, such that the
projection of ®, onto Gl U, acts transitively on K.
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(© Yo, = &Y: for some g; > 0.

Proor. To prove (a) and (b), we observe that, by the statements (4.4) to
(4.7) and the definition of ®,, it suffices to show that @, is a connected,
trigonalizable Lie-group such that the projection onto Gl ¥, acts transitively
on K;. For this, denote by L, the set of Q € ® that satisfy the conditions
before (4.7); then it is easy to see that L',.IQIJ., j=011, apd L, are trigonaliz-
able. It follows that @, is trigonalizable. We put D; == Ly and see that D,
coincides with the projection of ®; onto Gl ;. Further, we apply [S, Theorem
6.1] to the triple G(M) of ¥ and to p = & It results that DS operates
transitively on K;°. Therefore, D, acts transitively on K;. It remains only to
prove that @, is connected. Since ®, is obviously a continuous image of L, it
suffices to show that L, is connected. But, since L, operates transitively on K,
the connected component L? of L, that contains Id, also acts transitively on
K,. Hence, if L, is not connected, we get a nontrivial W € L; which satisfies
We = e. But L, c ® and ® is trigonalizable and connected, so Remark 2.2
gives a contradlctlon For the demonstration of (c), by (1.1) and the defini-
tions of R, and R, we get as a first result that yg,(x;) = r(x)F(e(x)) =
(K;; x)n(p(x))det 4, 5(x)]'/% On the other hand, we have y,(x) =
'Y(pl —i + X) = ‘(K Pi-i + xx)"l;(‘P(Pl —i + X)) = ‘(K Pr-i + x)"‘h(‘P(x))
We consider the ratio ¥(x,) = Yo, (X)[¥(x)]~' and compute the value
Y(Wp,) for an arbitrary W € L,. It is easily seen that ¢ is constant and the
proof is finished, since D; = L;|y operates transitively on K;.

REMARK 4.3. By the lemma the triples G(M;) and G(M), only differ by a
constant factor at the functions. Hence the derived “objects”, i.e.,
h, H, A, ... are the same for both triples.

5. J-morphisms. As noted in the introduction, we specialize again. So we
call a morphism M = (F, ¢, ﬁ) of homogeneous cones satisfying (M.5) a
J-morphism of homogeneous cones iff

(M.6) The algebra Nisa Jordan-algebra.

REMARK 5.1. (a) For a J-morphism M = (F, ¢, ﬁ) of homogeneous cones it
can be shown, using [5, Theorems 1.6, 4.7], that K is the “posiuve cone” of %
K= Y, in the sense of [1, XI, §3]). Further, it is seen that K is the “sum of
cones” K@ where the K@ are the positive cones of the simple ideals of 9. The
function # splits into a product of functions #® which are defined on K.
Finally, 4 is—up to a constant factor-a power of the invariant ( K®; ) of
K®. From this we conclude that the algebras that are derived from 4 and
from t(ff' ; ) are the same.

Hence it seems to be natural to put the condition that 7 equals—up to a
constant factor—the invariant of K.

But, in what follows we use, several times, the morphisms M; constructed in
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§4. These M, are constructed in a canonical way, and #; is not-up to a
constant factor—the invariant of K. So to simplify the arguments we just
require (M.6).

(b) The definition of a J-morphism of homogeneous cones generalizes some
notion of [11] and [12].

(c) As implicitly mentioned in (a), the algebra 9 is a formally-real Jordan-
algebra, ie. x2 + y2> =0 implies x =y = 0. For results on formally-real
Jordan-algebras we refer to {1, XI].

In the sequel the product in 9 is denoted by (i, %) > #6 and the product in
A = gy is denoted by (u, v) > uv. As the elements of 9l are marked by a
“ or are of the form ¢(u), this will lead to no confusion. Finally, we use
x-yz = x(yz).

Note that Remark 1.2 is still in effect.

LEMMA 5.2. Let M = (F, g, F) be a J-morphism of homogeneous cones. Then
Jor all WeAuK,y),TE Lie Aut(K, v), x € K and u, v, w € V we have

(a) 6(h(@(Wx)), (W) = S(h(9(x)), P(v)),

(b) 6(H(@(x)9(Tx), p(v)) = 6(h(9(x)), p(TV)),

(© (H(p(x); e(u)o(Tx), @(v)) + S(H(p(x))e(Tu), ¢(v)) +
6(H(p(x))p(u), (Tv)) = 0,

(@) 6(e(Te), p(v)) = 6(¢, p(Tv)),

(€) 26(p(u)p(Te), p(v)) = 6(p(Tu), p(v)) + 6(e(u), p(Tv)),

0 6(ep(Tu), p(v)p(w)) + 6(p(Tw), p(v)p(u)) + 6(e(u)p(w), ¢(Tv)) =
J(p(u)p(w), p(v)p(Te)) + d(p(v)p(w), P(W)p(Te)) + 6(@(v)P(w), p(u)g(Te)).

PRrROOF. (a) Because of n = «(Ky; ) we have Aut(K,y) = {W € GL V;
WK = K, A(¢(Wx)) = a(W)7i(¢p(x)) for all x € K'}. Now a differentiation of
the identity log 7(@(Wx)) = log a(W) + log 7(p(x)) at x in direction v gives
the assertion.

(b) Put W = exp T, insert in (a) and differentiate for . Then put ¢ = 0.

(c) Differentiate (b) at x in direction u.

(d) and (e) follow from (b) and (c) with x = e.

(f) Differentiate (c) at x = e in direction w to see that 6(§ﬁ(é; o(w),
e(W))@(Te), p(v)) is equal to the left-hand side of the equation (f). Now, as D
is a Jordan-algebra, we conclude from [5, Theorem 4.7] that i=&ck so
A(%) € Lie Aut(K, 7) by the definition of £. We use [7b, (1.18)] and the
assertion follows.

In preparation for the next theorem we first prove

LEMMA 5.3. Let M be a J-morphism of homogeneous cones. Then the M, as
constructed in §4 are also J-morphisms of homogeneous cones.

PrROOF. From Theorem 4.2 it is clear that we have only to check (M.6). But
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from the definition of 7; before (4.6) we see that 9 is the product of algebras
defined to the functions A4 > (det 4) '/ and £, > 1,(%;) respectively.

The first function is a power of the invariant of P(, 5, ¢) and so produces
a Jordan-algebra. As to the second function we may apply the results of
[S, §2] (because of 9= @) and see that A equals 9( So from the properties
of a Peirce-decomposition we conclude that 9[ is a Jordan-algebra [1, I, Satz
12.3].

As we go along, we often deal with X = X5, To ensure that the next
theorem makes sense, we note that Xz, R a triple of %, is a Jordan-algebra
where the algebra structure is inherited from % (see [S, Corollary 5.4]).

THEOREM 54. Let M = (F, o, ﬁ) be a J-morphism of homogeneous cones.
Then

(a) ¢: X " >%isa homomorphism of Jordan-algebras.

(b) 6(&, p(x?- v)) = 6(é, p(x - xv)) = 6(e(x)?, @(v)) for all x € Xomy 0 €
A.

PROOF. We prove the assertion in two steps.

(1) Assume additionally that the mapping x - 6(é, ¢(x)) is an associative
linear form of the Jordan-algebra £ = X,: In part (e) of Lemma 5.2 we put
u=xand T = A(x)and getforallv e A, x € X

(a) 26(9(x)?, @(v)) = 6(@(x?), P(v)) + 6(9(x), P(xv)).

As x € X we have x> € X by [5, Corollary 5.4]. So in part (d) of Lemma 5.2
we put T = A(x?) and obtain

(b) 6(@(x?), 9(v)) = (¢, p(x’v))-

Analogously we replace T by A(x) and v by xv and get
(©) 6(e(x), p(xv)) = 6(é, @(x - xv)).
Putting (a), (b) and (c) together it follows that

(d) 26(@p(x)%, @(v)) = 6(&, p(x?-v + x-xv)), x EX, 0 EN.
Now let v € X, then using the additional assumption above we have

(©) 3(P(x), 9(0) = 6(2, 9(x - 0)) = 3(@(xD), 9(v)), x, 0 € X.

Denote by U the orthogonal complement of ¢(X) in U with respect to 6. Then
from (e) we conclude

O p(x) = o) + 3, i € U.
We now apply part (f) of Lemma 5.2. Weputu = v = w = x and T = A(x).
We obtain

(®) 6((x), (x)?) = S(p(x)?, @(x)*), x € .
So as x? € X we have by (f)

(h) 6(e(x?), @(x?) = (p(x)?, (x)), x € %.

From this and (f) we conclude (a). Part (b) follows from (d) with (a).

(2) The general case is proved by induction on n = dim %U. To be clear we
index the occurring algebras by the corresponding triples of %. To be brief,
we write G instead of G(M).
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For n = 1 there is nothing to prove. So assume n > 1. We distinguish two
cases.

1. Case: A; = S;. Here we first show that &; equals & as an algebra. To
get this denote the left multiplications of % by B(x) and the left multiplica-
tions of A; by A(x) and observe that for all d € S;, x € ¥V, we have
A4(x) € Lie Aut(K, v) [S, §1]. Now as 7 is the invariant of K = K; = K we
conclude Aut(X, y) C Aut(X, 7). Therefore, for all d € S all left multi-
plications of the commutative algebra (%), are elements of Lie Aut(K, ).
We apply [10, Lemma 1.1 and Satz 5.10] and obtain a f € & such that
A (x) = B(x) for all x € V. As e = e = ¢; is the unit for both algebras, we
derive d = A,(e)e = B{e)e = f. Therefore V =A; = S; C & C V. Fur-
ther, A(d) = A,(e) = B,(e) = B(d) proves A, = A as algebras. From (1.2)
we get og(e, u) = or(e, u) + 6(é, p(u)) for all u € V. Since X; = A; = A,
we see that u > 6(é, ¢(u)) is an associative linear form on X (see [5, (1.11)]),
and the assertion follows by (1).

2. Case: A; # S;. In this case we also have Az # S by [S, Theorem 4.7).
Using [7b, §5] (see also [S, Theorem 1.1]) we get 0 < dim &5 < dim A ;. We
consider the morphisms of homogeneous cones M; as constructed in §4. From
Lemma 5.3 we conclude by the induction hypothesis that @;: Xg,,) —
Sym(¥, $,, 0) X QI is a homomorphism of Jordan-algebras, and obviously so
is @: xG(M)—>9I Here, by Remark 4.3, the equations X, = Xgr), =
Sy, = Ay and gy = Xy, hold. Further, from [S, Theorem 3.3(f)), it is
clear that X5, C %, + U;. So we obtain Xg,y) = XGa = A + Egoy N
Ap). From [5, Corollary 6.5], we conclude Xg,, N Ao C gy, Hence o:
XGay— A is a homomorphism of algebras. Consequently x > (¢, p(x))
defines an associative linear form of EEG( m)- The assertion now follows by (1).

Another important property of g is stated in the next theorem.

THEOREM 5.5. Let M = (F, ¢, F) be a J-morphism of homogeneous cones.
Then @(xv) = @(x)(v) for all x € gy, v E V.

PRrROOF. The proof proceeds by induction on n = dim %. For dim % = 1 we
have nothing to show. So assume n > 1. Here we consider two cases.

1. Case: A = &. Here the assertion follows by Theorem 5.4.

2. Case: A #* &. We use the J-morphisms M; of homogeneous cones as
constructed in §4. Then by induction we see that p(x;v;) = ¢(x,)p(v;) for all
X; € Xy, v; € U; (for more details compare the proof of Theorem 5.4).
Because of Xguy) = U + Egary N o) and Xg,y N Ay C Xy, We have
only to prove

(%012 = @(x)9(v,5) forallx; € gy N A0y, EAypp. (%)
For this we first note that

Xt 012 = 2x;* X0,/ and ‘P(J‘i)2 : ‘P(Ul/z) =2¢(x;) - (p(xi)q’(vl/2)° (1)
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Here the first equation is obtained by putting x == x; and v = v, , in part b)
of [7b, Satz 3.1], and applying the resulting equation to p;, j #i. The second
equation follows analogously (and is well known from Jordan-theory). Now
in Lemma 5.2(f) we putv = w = v, 5, u = x;, T = A(x,) and get

6(‘1’(01/2)‘1’(":), <P(xi°1/2)) = 6(‘1’(";’)*”(”1/2)’ <P(xi)q)(°1/z))- 2
Now insert u = v =v,,, and T = A(x?) in Lemma 5.2(¢), and use (1) and
Theorem 5.4(a). It follows

5(‘1’(”1 /2)‘P(xi)a ‘P(Ul/z)‘P(x.-)) = &(‘P(xi : xi”l/z)» ‘P(Ul/z))- 3

But putting v = x;v, 5, ¥ = v, 5, T = A(x;) in Lemma 5.2(e), gives

26(‘1’(”1/2)‘?()‘:), ‘P(xivl/z))
= 6(‘?(":”1/2)’ ‘P(xi”l/z)) + 6(‘P(°|/2)» o(x; - x.'"l/z))' 4)

We use (2) and conclude that the left-hand side of (4) is equal to
26(p(v1,2)9(x), (v ,)9(x,)). With (3) we thus get out of (4)
6(11’(01/2)‘1’()‘,')’ ‘P(Ox/z)q’(xi)) + 6(‘1’(01/2)’ o(x; - xi"l/z))
= 6(‘1’()‘:01/2), ‘P(xiol/z)) + 6(4’(01/2), o(x; xiol/2))’
It follows
Ci(‘P('-’l/z)‘i’("i)’ ‘P(Ul/z)q’(x.')) = 6(‘?(":‘”1/2)» ‘P(xivl/z))~ )
Now put d = @(v,,,)9(x;) and b = o(x0, ,2); so from (2) and (5) we have
6(a, b) = 6(a, a) = 6(b, b). (6)
By the Cauchy-Schwarz inequality we conclude 4@ = b and the theorem is

proved.
As a consequence we derive some properties of 4, /, and X.

THEOREM 5.6. Let M be a J-morphism of homogeneous cones, and let
A=A + A ) + A, be the Peirce-decomposition of UGy, with respect to the
unit ¢ of S 557 Then

(@) 4,/ (xq00) = 4, ,(x0)4;/2(v0) + A, (004, /2(%0) for all xo € Xy,
vy € A,

() Xgary = Ay + Ear,

PROOF. (a) Consider M, and conclude @o(xovg) = Po(x0)Po(ve): Xo € Xgary,
vy € A, by Theorem 5.5. Compare now the first components of both sides
and note that the algebra on Sym(¥, /,, o) derived for A > (det 4)~'/? at the
point 3 Idis (X, Y) > XY + YX.

(b) A straightforward calculation shows that 4(x,) is a derivation of the
algebra A; iff xo(u;/501/) = Po(Xot1y2 * 0172 + Polthyz - Xov1y2) for all
Uy /2 0172 € A, /. This identity is easily verified for xy € Zg,y,, from (a) and
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the associativity of o, [S, (1.11)]. Hence W, := exp t4(x,), t € R, is an auto-
morphism of the algebra A; for all x, € Xg,yy,. Since Xguyy, = Eoury =
Xsor) = 6o,y bY Lemma 4.1, we have W |y € Aut((K°]y, [7]y). We use
these two properties, apply [S5, Theorem 1.8}, to K°, p = ¢ and get W, €
Aut(K”, y). This implies x, € X557 = Xgary and so A, + Xy C Xy
follows. The other inclusion always being satisfied (compare, e.g., the proof of
Theorem 5.4), the theorem is proved.

6. The “Q-decomposition” &,,. For a J-morphism M = (F, g, F) of homo-
geneous cones we define inductively

ND =M NV =(ND), i>1 6.1)
Further, we put
ND = (FO, @V, F®), 51, (62)
and
FO = (KO q® D FO .= (RO GO 60N 51 (63)
GD:=GN®), i>1l (6.4)
Finally, we denote the unit of S;» by ¢, and the last integer i such that
Veo # 0 by g,,. We usually write g instead of g,,.

LEMMA 6.1. Let M be a J-morphism of homogeneous cones. Then
@ X = Sgn + g0 = D . ,Ss0.
(b) FITRERE eqq (S xG(l) is a CSI.

Proor. (a) follows immediately from Lemma 5.3 and Theorem 5.6(b). Part
(b) is a consequence of (a).
Using the last lemma, we form the Peirce-decomposition
A= D U
1<i<j<q
of A = A;py = Ago with respect to ey, . . . , €, and put
@y =";;1<i,j<gq). (6.5)

y
In the sequel we use the notion of a “g-R-decomposition”. It has been
introduced in [4]. For the convenience of the reader we recall its definition for
algebras of type A, R a triple of ¥. Note that the definitions also make sense
in the case of algebras which have a g-Peirce-decomposition [4, §1].

We abbreviate € := A, and denote the left multiplications of € by C(x),
x € €. We start with a g-Peirce-decomposition C = @€; 1<i,j<q)of €
with respect to some CSl ¢y, . . ., c,.

For 1 < k < g we form the subalgebras €® = @, ,,<,€, and denote
the left multiplications of the mutant €% of €* by ¢, k < r < ¢, by C¥(x),
x €M, For k =1 we omit the superscript “(1)”. We say that C is a
q-R-decomposition iff
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(R.1) ¥ is a Jordan-algebra forall 1 < k < g,

(R2) C¥(x,) is a derivation of €% for all 1 <k <r <s<g and all
xf.}‘ e @"J'

Sometimes we just say 8-decomposition instead of g-R-decomposition. We
note that in [4] we have constructed a homogeneous cone to each ®-decom-
position, i.e. a regular cone Y for which (Y, (Y; ), e) is a triple of & for
some e € Y. We will use the details of this construction in §7 where we come
back to this situation.

Our main goal in this section is to prove that @,, is a g-®-decomposition.
This result is contained in Theorem 6.3.

To prepare this theorem we first prove

LEMMA 6.2. Let M = (F, ¢, F ) be a J-morphism of homogeneous cones and
® a connected, trigonalizable subgroup of 113, such that ® operates transitively
on K. Then

@ A(ey), - . ., A(e,) € Lie .

(b) A,,,,(x_,,,) S L1e tI>for alll1 <s<n<gq,x, €A,

ProOOF. We prove the assertion by induction on g. For ¢ = 1 we are done,
by (4.1). For ¢ > 1 we use Theorem 4.2(c) and see, by the induction
hypothesis, that A(e;)ly,/ =2,...,q, and ,.4,,,,(x_,,,)|,o, 2<s<n<gqg,x,€E
A, are elements of the projection of Lie ®, onto End %, Now we apply
[5, Theorem 6.1] to G(M) and p = & and get that there exists a unique
element T € Lie & with T, C%,j=0,3,1,and T%, = 0 such that Ty,
= A(ej)ly, resp. Ty, = A,,,,( »lx,; Choose S € Lie @, such that A(ey)ls,
resp. 4,,(x,,)|y, is the first component of S. Then Theorem 3.1 shows that the

“second” component of § is equal to (J(4,,xey)), A((p( 2)))  Tesp.
@ 4 e A1 /2(xX,)), Aq,(,”)(<p( ) where J(R) is the left multlpllcatlon in the
algebra on Sym(¥, ,, 0) defined for the function 4 > (det 4)~'/? at the point
11d. As noted in the proof of Theorem 5.6, this product is (X, Y) > XY +
YX. Now a comparison with (4.7) gives in the first case T I*-/z A, /y(e;) and
because of Tly, = 0= A(e;)ly, we see T = A(e;), j =2,...,q. The case
Jj = 1is clear from (4.1). On the other hand, a straightforward computation
gives Jy(Y)Z = 2YXZ + 2ZXY; hence by a comparison with (4.7) it follows
24, ) (x;,)A, /(€)= T|a. - Now we use Lemma 6.1(b) and Theorem 5.6(a),
to calculate directly A,,,,( )|%t./z =24, ,)(%,)41/(€m)- As Tly =0 =

,,,,(x,,,)|, we get T = A,,(x,,). In the case s = 1, we observe that 4,,(x,,) €
Lie ¢° by [5, Tt Theorem 6.1] applied to G(M) and p = ¢. So [4,,(x,)]° =
A,(x,,) € Lie ® by [4, Folgerung 1.2]. The lemma is proved.

THEOREM 6.3. Let M be a J-morphism of homogeneous cones. Then
(a) @y, is a g-R-decomposition of A .
b)Bgo=%,;for 1 <i<gq.
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ProoF. First we note that (b) is clear from the construction of N “*P out of
N®, Further, because of e; being the unit of S;» we see (from [10] or
[5, Theorem 1.2]) that the “mutation” [¥G%)],, of A5w is a Jordan-algebra. The
proof of (a) is now achieved by induction on q. For ¢ = 1 the assertion is
clear. So let ¢ > 1. From the definition above we derive that only (R.2) is left
to verify. Using the induction hypothesis, we have just to prove

(*) 4,,(x,,) is a derivation of A, for2 <s <n < gandall x,, € A,,.

For s = n we use (b), Theorem 5.6(a), and [4, Lemma 2.4]. For s < n we
conclude from Lemma 6.2 that 4. (x,,) € Lie ° c Lie Aut(K?, ¥). Further,
[A::(x:n)]aell = Ann(x.m)ell = Ann(el l)x.m =0 (see, €.g., [4’ Lemma l'l])'
Hence from [S, Lemma 1.4] the assertion follows.

7. Description of Lie Aut(X, y). Let R be a triple of ¥ and a € Ky; then
we denote the isotropy subgroup of Aut(Kg, mgz) at the point a by
Aut,(Kg, 1g). As noted in the introduction we describe in this section
Lie Aut, (K, y) and Lie Aut(X, y) (for a triple of type G(M)). As mentioned
in §4 we have Lie Aut(X, y)° = Lie Aut(K?, ¥), hence it suffices to describe
Lie Aut(X°, 7).

LeMMA 7.1. Let M = (F, ¢, F ) be a J-morphism of homogeneous cones. Then
Jor W € GL V these are equivalent:

(1) W € Aut (X, v);

(2) W is an automorphism of the algebra A and We; = e; for 1 <i < q.

PRrOOF. (1) = (2). From [5, (1.10)], we get WW*° = Id; further, we obtain

WA(u)W " = —%%H(W(e + 10))],—0 = A(Wa).

Hence W is an automorphism of the algebra %. To prove the second
statement we first observe that for x € & = Ssor We have 4, (Wv) =
WA, (v)W ! € Lie Aut(K°, ¥) for all v € V. By definition of & we get
W& c &. So W|g is an automorphism of the Jordan-algebra & and it results
We,, = e,,. From this we conclude W%, c %, for j =0, 3, 1, A = A(0).
Further, we use Remark 4.3 to get W € Aut, (Ko, Ya,)s Po = € — ¢. Now the
assertion follows easily by induction on g.

(2) = (1). Again we use induction on g. The case ¢ = 1 is known from
Jordan-theory [1, XI, Satz 4.5]. For ¢ > 1 we conclude from W¢ = We,, =
ey that W, C %, A; = A(¢). By Remark 4.3, W is an automorphism of the
algebra %; = A, i = 0, 1, and leaves fixed the ¢;. So by induction hy-
pothesis we see Wy € Aut,(K;, v,), p; = ¢, py = e — ¢. Since Aut,(K,'y,)
= Aut, (K7, ¥;) we conclude from [5, Theorem 1.8], applied to G(M) and
p = ¢ that W € Aut (K’ y) = Aut (X, y).

We now aim to give a detailed description of Lie Aut,(X, v). To do so, we
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use the vector spaces g, of endomorphisms associated to the g-R-decomposi-
tion @,,.

We remind the reader of the definition of the g; = gfj, 1<i<j<g,
where € is any ¢g-R-decomposition of some algebra € (we use the notations of
§6).

For i = j we define g, to be the Lie-algebra which is generated by the set
{C(x;); x; € €;) of endomorphisms of the vectorspace €. For i < we put
gy = {Cu(xy); x; € €;}.

It has been proved in [4, Satz 3.3] that the sum g = g€ of the vector-spaces
g is direct and forms a Lie-subalgebra of Endg €. Further, there have been
computed the commutators of elements of g.

We mention that for a ¢g-R-decomposition © one can form the “dual”
g-R-decomposition C*. If C is defined via the CSI ¢, ..., e, then C* is
defined via the CSI e, . . ., ;;. The spaces gf;' are abbreviated by g}, if no
confusion can arise. For more details see [4, §6].

To get a description of Lie Aut, (K, y) we define with respect to &,,,

a; = {T € g;; Te; = 0}, 1<i<g. (7.1)

ag = {T € End V; T is a derivation of Agpr), TXgm) = 0}. (7.2)
It is clear that a,; and ay are Lie-algebras.

THEOREM 7.2. Let M = (F, o, F ) be a J-morphism of homogeneous cones.
Then Lie Aut (K, v) = @ _,a; ® a, (direct sum of Lie-algebras).

PROOF. (a) Let T, € a;, Ty € ag such that 39_,T, + T = 0. Then we
have T,%; = 0 for all 1 <4, j < q. From [4, Lemmata 3.1, 2.3], we conclude
T, = 0. Hence T = 0 and the sum is direct as the sum of vector spaces. By
[4, Folgerung 1.2], we have [a;, a;] =0 for i #j. Finally, we note that
[A(x;), Tr] = O0forall x; € A, T € A, to get 0 = [g;;, ag] D [a;, agl-

(b) The inclusion “> ” is clear for the a; and follows from Lemma 7.1 for
ag. Let now T € Lie Aut, (KX, y) = Lie Aut (K°, ¥). From Lemma 7.1 we get
Te; = 0 for 1 < i < g. So by the definition of the Peirce-spaces %; it follows
that T%; C %, for 1 <i,j < g. Since Ty, is a derivation of the formally-real
Jordan-algebra %;;, we find by [1, IX, §3], x{, y{® € %, such that T|y =
SAP), APy, We put T, = Z,[4(xP), A(y®)] and verify easily
T — 39T, € agz. As T; € qa; the theorem is proved.

Now we are going to describe Lie Aut(K’, ¥). We remark first that, by
[4, Lemmata 3.1, 2.3], the Lie-algebras g; are reductive and so are the sums of
[84 64] =: b; and their respective centers 3,. Further, ay is a compact
Lie-algebra, and so it is reductive 2, Chapitre IV, §4].

We write ay = a, + a; where q, is the center of ay and qa, = [ag, agl.
Summarizing, we obtain
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8i =4i + b by= [gii’ 9::']9 1<i<gq. (7.3)

agp =a, +ag ay =[ag, ag]- (7.4)

n= @ g, (sum of vector spaces). (7.5)
1<i<j<q

THEOREM 7.3. Let M be a J-morphism of homogeneous cones. Then

(a) Lie Aut(K°, ¥) = n + agp + @ &_,8, (direct sum of vector spaces).

(®)a,® @ 7.3, is an abelian, algebraic Lie-algebra of semisimple endomor-
phisms (dzrect sum of Lie-algebras).

(©) a, ® D I.\b,; is a maximal semisimple Lie-subalgebra of Lie Aut(K°, y)
(direct sum of Lie-algebras).

(@) n+ a, + D 3, is the radical of Lie Aut(K°, ¥) (direct sum of vector
spaces).

(e) n is the maximal ideal of Lie Au(K°, ¥) which consists of nilpotent
endomorphisms.

PROOF. (a) Let T € Lie Aut(K°, ¥); then there exists S € T, .,¢ <8y
such that Te = Se, as is clear from the definition of the spaces g 4~ But now
T — S € Lie Aut, (K’ ¥) and we have Lie Aut(K°’, ) = n + aR + 29,0,
by Theorem 7.2. To show directness let 0 = N + A + 39_,T,, N €n,
AR € ag, T; € g;;; we obtain 0 = Nx; + 39 T;x; for 1 < j <gq, x; €A
From this we conclude N = 0 and T, %4,y = 0. By [4, Lemmata 3.1, 2 3], we
get T, = 0, and we are done.

To prove the other assertions we first remark that the algebra in part (c) is
semisimple. Further, the algebras in parts (b) and (c) commute. Now, from
[4, Satz 3.3], it follows that the algebra in part (d) (which we call r) is an ideal
of Lie Aut(KX°, y) and n is an ideal of Lie Aut(K?, y). Obviously, n consists of
nilpotent elements and [r, r] C n. So r is a solvable ideal of Lie Aut(X?, y).
Using (a), (c) and (d) are now proved. Finally, note that the algebras g, and
ag are selfadjoint; hence 3, and a, consist of semisimple endomorphisms. So
by [2, Chapitre V, §4.2], and the fact that Lie Aut(K°, ¥) is algebraic, (see §2)
we obtain the remaining statements.

REMARK 7.4. In [15], E. Vinberg proved a similar decomposition of
Lie Aut(K, y) in the case where the mapping ¢ is trivial (i.e, ¢ =0, ¥ = 0,
Y = «K;)).

8. Algebraic characterization of homogeneous cones. We are now prepared
to prove some results on @,, that will help to obtain an algebraic characteri-
zation of J-morphisms of homogeneous cones.

In this section we often use the spaces gj; which have been defined in §7.
We further deal with the Lie-algebra Lie Str 9 of the structure group of the
Jordan-algebra 9. For the definition of the structure group of a Jordan-alge-
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bra we refer to [1]. We note that in the case of a semisimple Jordan-algebra ¥
the Lie-algebra Lie Str ¥ is generated by the left multiplications of ¥ (see
[1, IX, Satz 3.1 and Satz 5.1]).

LEMMA 8.1. Let M = (F, o, F ) be a J-morphism of homogeneous cones and
g* = a®". Put ¢: g* — Lie Str U, P(A(xg) = Ay (P(xy) for 1 < j <s
< ¢, x; € A;. Then we have

(a) ¢ induces a homomorphism of Lie-algebras.

) o(T°x) = ¢(T°)Q(x) for all x € V, T € g.

PROOF. We have first to show that ¢ is well defined. It obviously suffices to
look at g¥. But here Theorem 5.4(a), together with [4, Lemma 2. 3] proves that
¢ induces a homomorphism of Lie-algebras from g} to Lie Str 9t (which we
denote again by ¢). Let now T,S €n = @D ¢ijc,8; and R €

@®?._ g, To prove (a) we have to show

([ 17 5°]) =[$(T), #(5°)] and G([R" T°]) =[#(R*), (T")].
To verify the first identity we choose a ® as in Corollary 2.4. Then by Lemma
6.2 we have T°, S° € Lie & and (T, ¢(T°)) € Lie ® by Theorem 3.1. So the
elements of n satisfy (b). Further, from Theorem 3.1 and Lemma 2.5 the first
identity follows. To get the second identity, first note that 91 is a Jordan-alge-
bra This 1mp11es, by [5, Theorem 4.6, that 9 and &=6; # are equal. Hence
A(u) € Lie Aut(K M), 4 E 9. From Theorem 5.5 we conclude (A(x,;),
A(q;( x;)) € Lie H M (and (b) is proved). We form the Peirce-decomposition
9= GB ,<,<,<q2[ of 9 with respect to o(ey), - - . » Ple,,). This is a g-R-de-
composition of (the Jordan-algebra) o as is easily checked using [S, Lemma
1.4(b)]. From the remarks above, we have (T°, ¢(T°)), (R @(R°)) €
Lie II,,; hence ([R°, T°], [§(R?), $(T°)) € Lie II,,. From Theorem 7.3 we
see [R®, T°] € n° and L= [@(R®), ¢(T°)] € #% where fi is defined for the

q-R-decomposition of 91. On the other hand, we have ((R°, T°), (R°, T°])
€ Lie IT,, with L, :== §(R°, T°]) € i°. Therefore L, — L, is nilpotent and
0 = @(0e) = (L, — Lyé. But from [5, (1.13)], we get—using the triple F-that
L, — L, is skew adjoint with respect to 6 and we are done.

We are going to characterize the space %,; of the g-R-decomposition &,, by
some conditions which involve the cones Y which are formed with respect
to @,,. The construction of Y was first carried out in [4, §4]. Let C be a
g-8-decomposition of the algebra €. We use the notations of §6 and define
inductively homogeneous cones Y for the algebras €. We start with Y@,
the domain of positivity associated to the formally-real Jordan-algebra €,
(see [9, VI, §5]). Assume that Y is defined for 1 < k <s < g, and denote by
Y,, the domain of positivity associated to the formally-real Jordan-algebra
G- Then we split €® = € + €, + € into the sum of the spaces
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G = G, € = D71 1Cp,, € = @(kﬂ) and put Y® = (x, + xl{z
+x, €CW, x, € €W, x, € Yy, xo — 3d(x;,5 R(x))™ x,/z) € Y&+
where R(x,) denotes the restriction of C(x,) to @ (% and d equals = _, , \c,..
We put Yo := Y. For C = @,, we also abbreviate Yg,_by Y,,.

We are ready to characterize ;.

In the setting of Lemma 8.1, we define N,, 1 < s < g, to be the set of
y € A, such that

(8.1) A,() is a derivation of AL forallu € AP and 1 <k <5 < g;

(8.2) for all u € A there exists a T € Lie Aut(K, %) such that for all
x € V we have ¢([4,(v))’x) = Ttp(x)

(8.3) [exp t4,(W)] Y = Y for all u € AY, r € R (with Y constructed
for @,, as above).

LemmA 82. R, = U..

PRrOOF. First we prove “D . Here (8.1) is clear from Theorem 6.3 and the
definition of a ¢-R-decomposition. To prove (8.2), we first note that
(4, ), (xy) = A4, (xy) by [4, Lemma 2.6]. Then we use Lemma 8.1 and obtain
(8. 2) Fmally, the identity (8.3) follows from Lemma 6.3 and [4, Satz 4.2]. The
converse inclusion we prove by induction on gq. For ¢ = 1 there is nothing to
show. Now let ¢ > 1 and 1 < s < gq. If s =1, then (8.2) and (8.3) imply
[4,(W)) € Lie Auy(K, y) and so y € Sz5p) = A;;. Assume now that s > 2.
Here from (8.1) we derive

Al/2([Ay(u)]000) = {[Ay(u)]dAl/2(00) + Al/z(vo)[Ay(“)]}|a,,,

for all vy € Ap(é). A comparison with (4.7) shows that 4 (u) satisfies the
conditions (8.1), (8.2) and (8.3) with respect to M, and its derived (¢ — 1)-8-
decomposition @M°~ By induction now y € U follows.

The last two lemmata give a hint what conditions on a ¢g-8-decomposition
C we have to put so that € is of type @,,. As our goal is to characterize those
J-morphisms of homogeneous cones where ¢ starts from a fixed vector space
V and induces a fixed linear form x> 6(é, X) on a fixed Jordan-algebra
= 5[, we first make some remarks on Jordan-algebras and associative linear
forms and then give the final definitions and results.

Let Y be a formally-real Jordan-algebra. We denote the unit of Y by ey and
the left multiplications in ¥ by J(x). We put xy = J(x)y. Further, Pos  is
defined to be the domain of positivity associated to §, Pos § = {xz; x
invertible in }. For details on the cone Pos ¥ we refer to [1, XI] or [9].

Now let A: ¥ — R be an associative, positive-definite linearform on
[1, XI]. Splitting  into a sum of simple ideals I, we see by [1, I, Satz 6.4],
and [1, XI, §3], that the restriction of A to ¥ is a multiple of the linearform
x; > trace J(x,), x; € IP. Say A(x;) = , trace J(x,). We put
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n3(x) = ITu(Pyo; x,)"
i
and easily get
Mu) = —A; 10g 1y(X)|xmey

After these preparations we can give the following definitions.

Let V be a finite-dimensional vector space over R and ¥ a formally-real
Jordan-algebra. Let further A: T — R be an associative, positive-definite linear
form on 3.

By YV, I, ) we denote the set of J-morphisms M = (F, ¢, F) of homoge-
neous cones such that

Ve=V and mp=uKp;), np(eg) =1, (84.a)
A= and §=m} (8.4.b)

Further, we denote by S(V, 3, A) the set of triples (€, C, ¢) such that

(8.5.a) € is a commutative algebra on V (with unit eg and left multiplications
C(v)),

(8.5.b) 7(eg, v) = trace C(v) + A(@(v)) is an associative, positive-definite
linear form of €,

(8.5.¢) C is a g-R-decomposition ( for some q),

(8.5.d) @: € — Lie Str I is a linear mapping such that

() p(eg) = ey;

(ii) the mapping §: g* — Lie Str <, defined by

(Cy(xy)) = J.,(c,,)(<P(X,,~)), 1<j<s<gqx; EC,

induces a homomorphism of Lie-algebras,

(iii) p(T"x) = $(T7)p(x) for all T € ¢ x € G.

(8.5.€) The set of y € €“), 1 < 5 < g, such that

G) C,(u) is a derivation of € for all u € € and all 1 <k <s < g;

(1)) for all u € B there extsts a T € Lie Str Y such that for all x € V,
P(C,(wI'x) = To(x);

(iij) [exp tC,(W)] Y@ = Y for all u € €Y, t E R, is equal to €,.

We shall show that there exists a canonical bijection of IV, <, A) onto
RV, Y, A). The first step is to show that the mappings (8.6) and (8.7) are well
defined.

S MV, N>V, %A, M Ay @ @) (8.6)
LemMa 8.3. §, is well defined.

PrOOF. We have to check the various conditions (8.5.#). But (8.5.a) and
(8.5.d)(i) are clear. The identity (8.5.b) is easily verified. The remaining
conditions follow by Theorem 6.3 and Lemmata 8.1, 8.2.
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82 RV, N>V, SN, (RC o)M= (Fe F) (87)
with F = (Y3, (Y5 ), eg> and F = (Pos , n}, ex> where «( Yg; eg) = 1.

LeMMA 8.4. &, is well defined and for all (€, C, ¢) € KV, 3, ) there exists
a group T which satisfies (M.4) for $,(C, C, )) and for which Lie T c ¢
holds.

PrOOF. Obviously we just have to prove that M is a morphism of homoge-
neous cones. Now (M.1) and (M.2) are clear and from (8.5.d)(iii), we
conclude o(fexp tT7])x) = [exp t¢(T7)]p(x) for all T € ¢® As (T
Lie Str ¥ we have exp t¢(T") € Aut(Pos 3, TI%) (note that Lie Aut(Pos <, n%)
= Lie Str ¥ as can be derived from [1, XI, Satz 4.6]). Since g(eg) = ey €
Pos 3, (M.3) follows. Let further t = n + @ t,, where t; is a trigonalizable
subalgebra of g¢ generating a transitive group of the domain of positivity of
@,;. Then the group T generated by 1 is a closed subgroup of Aut(Yg, «(Yg; ))
satisfying the conditions of (M.4). Obviously, Lie I' c g*.

THEOREM 8.5. §,- $, = Id and §,- $, = 1d.

PROOF. Let M = (F, ¢, F) € (V, J, N). We compare the construction of
Y,, as given in [4, §4, 2] (it has been recalled at the beginning of this section)
with [S5, Theorem 1.8] (applied to G(M) and ¢) and see that Y, = K°
6 = 0g(y) holds. From this ;@2 o &, = Id easily follows. Let (€, C, @) €
KV, I, M. With M = (F, ¢, F) as in (8.7) we have to show: A, = € and
C = @,,. First we calculate 0 = 0, We have

T (x) = v(x) = (Y&, x)n}(e(x))
and put
m(h,(x), u) = —A%log y(x), x€ Y5 (1)
From this we conclude
h,.(W'x)=W7h, (x); forallx € Y;, W € Aut(Ye, (Ys)). (2)

By -A%(Y"; x)lx-e¢ = trace T for T € Lie Aut(Yg, (Y¢; )) satisfying Teg =
u and [4, Folgerung 3.4], we get further

7(h,,(eg), u) = trace C(u) + Mo(u)), u€V. 3)
Comparing the right-hand side with (8.5.b) we see that
h‘y,‘r(eG) = e@‘ (4)

We choose a T’ which satisfies the conditions of (M.4) and Lie T c g = g*.
This is possible by Lemma 8.4. We use Satz 6.2 and Lemma 5.4 of [4] and get
a diffeomorphism j: Yo— Y which has the properties j~!(eg) = ez and
JT\ (W)= W \(x)forallx € YG, W™ €.
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From this a comparison with (4) and (2) gives
h,,=Jj"". 5)

By [4, Lemma 5.5], we conclude o(u, v) = AZA] log y(x)|,.., =
—A* 7(j~Y(x), v) = 7(u, v). We apply [7b, (1.17)] and [4, Folgerung 3.4), to
LieI' cg* and get 2C(Te)= T+ T"=T + T° = 2A(Te) for T € Lie T
(here A(u) denotes as usual the left multiplication of the algebra g,
Hence we have proved g, = €. To see C = @, it is enough to show
¢; = e;. From (8.5.€) we obtain ¢;; = e,,.

Now we consider the triple (€, G, @) Where €, = €’ = €@, & = (€;
2<i,j <q) and @, = ¢|g. Further, we define (po @0—>Sym((~5l J» T) X
Jo = [Jo» vo P (Cy/2(vg), (vg)) where o = Jole(cy,)) and
C\/2(vg) = C(vp)lgy: y,- Finally, we put Aot 35— R, A(B, %) == trace B + A(X).
The Jordan-structure in Sym(€¢ /2> T) is defined by (4, B)> AB + BA.
Hence the unit of S is € = ey, = (3 Id, ey). We claim (€, &, p) €
RV, o> Ao), Where ¥V, = €, as a vector space.We have to verify (8.5.«) and
see that the first three conditions are satisfied; further (8.5.d)(i) is clear.

Now let T € g%. Then from the definition of a g-R-decomposition we get
that T is a derivation of € . From this we deriveC, ,,(T™vg) = T7C, /5(vy) +
Cy/2(vp) T for all vy € €, Now (8.5.d) is easily verified. Finally, let y € €,
s » 2, satisfy the conditions of (8.5.e); then from (jj) we obtain
C1/20G,(1)]['vg) = T7C, /x(vg) + Cy/5(vx) T for some T € End (S‘l‘}z (it is well
known that the elements of Lie Str Sym((&‘,'}z, 7) are of this type). Now
[4, Lemma 2.4], shows that C,(u) is a derivation for €{) and by the definition
of (€, C,p) we have y € €,. On the other hand, since (G, C, ) €E
KV, I, A), ally € € satisfy the conditions of (8.5.€). So we have (€, C,, pp)
€ (Vo I Ao)- We apply $, to the triple (€, Gy, pp) and get a triple
M’ = (F', gy, F') with F' = (Y3, (Y5; ), eg) and £ = (Pos g, ), x>
A comparison with the definitions of §4 gives M, = M’ where M =
$:(C, C, ) as above. By induction hypothesis we have &,, = &, and from
the definition of &, we derive easily @, = (&), We get c; =¢; for
2 < i < q. We recall that ¢,, = e, was already shown above and the theorem
is proved.

Finally, we prove the theorem announced in [4]. For this we specialize
Theorem 8.5 to the case where “ = 0”; this amounts to just saying that
and ¢ do not appear. We reformulate the conditions (8.5.#) for this case.

A ¢-R-decomposition C is called optimal iff

(8.8.a) 7(eg, v) = trace C(v) is an associative, positive-definite linearform of
¢;

(8.8.b) the set of y € 6, 1 < s < g, such that

() C,(u) is a derivation of €% forallu € €Y andall1 <k <s <gq.

1) [exp tIC,(w)] YW = Y©® forall u € €®, t € R, is equal to €.
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We have to remark that the definition of an optimal ¢g-8-decomposition as
given in [4] was not complete although the theorem was correctly stated there.

Above we have simplified the definition of (¥, ¥, A) under the additional
assumption “¥ = 0”.

As to the conditions (8.4.*) we note that K ) is uniquely determined by K
and e, so in the case where ¥ and @ do not appear, we see that M(V, I, A) is
equal to the set of pairs (K, €) where K is a homogeneous cone and e a point
in K.

Summing up, we have

THEOREM 8.6. For each finite-dimensional vector space V over R there exists
a canonical bijection of the set of pairs (K, e), where K is a homogeneous cone in
V and e a point of K, onto the set of all optimal gq-8-decompositions (g
arbitrary) of algebras on V.

LisT OF NOTATIONS
K regular cone
g class of triples considered
(K, n, e typical triple of &
Kp,np, ep components of a triple D of F
A%A(x) differentiation of f at x in direction u
Auy(K, 1) group, leaving almost invariant 5
Vp vectorspace generated by K,
op bilinearform associated to the triple D of ¥
hp logarithmic gradient of 7,
H, negative differential of &,
Ap algebra associated to the triple D of §
K° o-dual cone for K with respect to o
M = (F, ¢, F) morphism of homogeneous cones
G(M) triple of ¥ associated to M
™ Tm = NG
T'(h) algebraic group defined with respect to the rational map A
II,,, 114, groups defined for M
LieT Lie-algebra of the Lie-group I’
re connected component of the unit of T
Xp Jordan-algebra associated to the triple D of F
CsI complete system of orthogonal idempotents
A Peirce-spaces
%A, () Peirce-spaces (with respect to the idempotent c)
ctt-group connected, transitive, trigonalizable
ctt-algebra Lie-algebra of a ctt-group
B, mutant of the algebra B with respect to b
By(x) leftmultiplications in B, if B(x) are the leftmultiplications of B
ty summands of a ctt-algebra
«K;) “invariant” of the regular cone X
K* dual cone for K
1 function on K°
R dual triple for a triple R of F
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T° adjoint of the endomorphism T with respect to ¢
Gr set of “Jordan-structures” relative the triple R of &
¢ = Cem) unit of Sg,yy

¢ = c53) unit of G537

K,

P(%, s,0) cone of positive-definite endomorphisms
Sym(%, /5,0) selfadjoint endomorphisms (relative o)

P N

r, R, Ry, o

M,

J-morphism

x.yz x.yz = x(yz)

N® FO o® FO GO

ey CSI associated to @,

q=qy length of the CSI associated to &,,

@ Peirce-decomposition associated to M
g-K-decomposition

c®

C¥(x) leftmultiplications of the mutant of €* by c,,
Aut (K, 1) isotropy group at a

8p 87

g ¢ Lie-algebra associated to the g-R-decomposition
ce dual g-R-decomposition

gpp0*

a, Qg summands of the Lie-algebra of the isotropy group
ba semisimple part of g,

Bu center of g,

ag semisimple part of a,

°, center of ag

n maximal ideal of Lie Aut(K®, ) consisting of nilpotent endomorphisms
Lie Str ¥ Lie-algebra of the structure group of

Y® cones associated to €

Y, domain of positivity associated to €,,

g Peirce-spaces of €% with respect to ¢,

Ye Yo= YO

YM YM - Y&M

m’

Pi)s R} domain of positivity associated to ¥

n

217?( V,3% N J-morphisms of homogeneous cones

KV, X A) family of g-R-decompositions and mappings

1 map from M(V, J, A) onto K(V, J, N

s map from (¥, J, A) onto M(V, Y, N

optimal g-R-decomposition
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